On the basis of the sequence of marginal observables the evolution equations of the microscopic phase density and its generalizations is discussed. We introduced dual BBGKY hierarchy for these microscopic observables and their average values. In the space of integrable functions, for initial-value problem of generalized hydrodynamical equation the existence and uniqueness theorem is proved.
Introduction
The aim of the present paper is to derive the rigorous solution of the of generalized hydrodynamical equation for average value of marginal additive-type observable, known as marginal microscopic phase density. We proved the existence and uniqueness theorem for the such solution.
The paper is organized in the following order.
In section 2 we introduce the definitions used for the description of the average values of observables and equivalent approach for the average values of marginal observables. In section 3 we give the definition of the microscopic phase density and its generalization. We consider the initial value problem for the dual BBGKY hierarchy for marginal observables and rewrite this hierarchy in terms of "macroscopic variables." Using the rule for average value in the grand canonical ensemble we derive the equations for average values of k-ary type of marginal microscopic phase density. In section 4 we consider the nonperturbative solution of initial value problem of such equations. This solution is presented over the particle clusters whose evolution is governed by the corresponding order cumulants of relevant evolution operators. In section 5 we establish that in fact,if initial data is completely defined by a average value of marginal additive-type observable,then all possible average value of marginal k-type observable of infinitely many particle system at arbitrary moment of time can be described within the framework of an average value of marginal additive-type observable by the hydrodynamical equation without any approximations. The existence and uniqueness theorem of a solution is presented in section 6.
Preliminary facts
We consider the system of a non-fixed (i.e. arbitrary but finite) number of identical particles with unit mass m = 1 in the space R 3 (in the terminology of statistical mechanics it is known as nonequilibrium grand canonical ensemble [15] ). Every particle is characterized by the phase space coordinates x i ≡ (q i , p i ), i.e. by the position on the space q i ∈ R 3 and momentum p i ∈ R
3 . An observable of this system can be described by the infinite sequence
on n particles. The average values of observables (mean values or expectation values of observables) can written by the following formula
where 1,
. . , x n ), . . .) of probability densities of the distribution functions D n (0) at the initial moment of time and the sequence of observables A(t) = (A 0 , A 1 (t, x 1 ), . . . , A n (t, x 1 , . . . , x n ), . . .) is a solution of initial-value problem of the Liouville equation for observables. If A(0) is the sequence of continuous functions and D(0) is the sequence of integrable functions, then functional (1) exists.
An equivalent approach of the description of evolution of many-particle systems, that enables to describe systems in the thermodynamic limit, is given by the sequences of s-particle (marginal) observables G(t) = G 0 , G 1 (t, x 1 ), . . . , G s (t, x 1 , . . . , x s ), . . . . The sequence G(t) is a solution of the initial-value problem of the dual Bogolyubov chain of equations (dual BBGKY hierarchy). In that case the average values of observables in moment of time t ∈ R are determined by the functional [15] 
where the sequence of marginal observables G(t) in terms of the sequence A(t) are defined by the formula
where Y ≡ (x 1 , . . . , x s ), s ≥ 1, and the sequence F (0) of marginal distribution functions is defined in terms of the sequence D(0) as follows (nonequilibrium grand canonical ensemble)
3 Evolution of marginal microscopic phase densities
n (t), . . . , k ≥ 1, be the sequence of microscopic phase densities of k-ary type
where δ is the Dirac δ-function, ξ 1 , . . . , ξ k are the macroscopic variables
, n ≥ k ≥ 1, are the solution of the Cauchy problem of the Hamilton equations for n particles with the Hamiltonian
where Φ(q i − q j ) is the two interaction potential, and with the initial data x 1 , . . . , x n . Thus, according to (3) at initial moment of time t = 0 the sequence of marginal observables of k-ary type microscopic phase densities (5) is given as follows
We introduce the sequence of marginal observables [17] 
. . , x s ) of every k-ary type are governed by the initial-value problem of the dual BBGKY hierarchy [18] 
with the initial data G (k)
Here Y ≡ (x 1 , . . . , x s ) and (x 1 , . . . ,
Taking into account definition (7) initial value problem (8)- (9) can be rewritten in terms of variables ξ. Indeed, in terms of variables ξ 1 , . . . , ξ k for the marginal microscopic phase densities of k-ary type
with the initial data
where 1 ≤ r < s and for k = s, the marginal microscopic phase density G It should be noted that in terms of variables ξ 1 , . . . , ξ k dual BBGKY hierarchy (10) is represented as the Bogolyubov set of equations with respect to the arity index k ≥ 1, while evolution equations (10) have a structure of a sequence of equations with respect to the index of number of particles s ≥ k.
Averaging initial value problem (10)-(11) the evolution equation of average value (2) for k-ary type microscopic phase density, according to (2) has the form [17] 
We remark that due to functional (2) initial data (13) are given as the following functions
where F s (0, ξ 1 , . . . , ξ s ) is the value of the solution of BBGKY hierarchy at initial moment of time at a point ξ 1 , . . . , ξ s .
4 On solution of initial-value problem for the average value of marginal microscopic phase density
To derive the hydrodynamic equation for one-particle function it is necessary to construct a non-perturbative solution of Cauchy problem (12)- (13) in the following form. Consider a solution of Cauchy problem (12)- (13) that is defined by the expansion over the arity index of the microscopic phase density whose evolution are governed by the corresponding-order cumulant (semi-invariant) of the evolution operators (16), constructed in [17] G
where
is the sequence on integrable functions and if n ≥ 0 the operator
is the (1 + n)th-order cumulant of the groups of operators (16), P is the sum over all possible partitions P of the set {{Y }, k + 1, . . . , k + n} into |P| nonempty mutually disjoint subsets X i ⊂ {{Y }, X \ Y } ≡ {{Y }, k + 1, . . . , k + n}. The set {Y } consists of one element of Y ≡ (1, . . . , k), i.e. the set (1, . . . , k) is a connected subset of the partition P (|P| = 1).
If G (k) (0) are integrable functions [19] , series (14) converges for small densities. In (15) evolution operators S k (−t) act as follows
where functions Ξ i (t) ≡ V i (t), R i (t) are the solution of the Cauchy problem of the Hamilton equations for "macroscopic variables"
We remark that using Duhamel formula solution (14) of Cauchy problem (12)- (13) can be represented as the iteration series of BBGKY hierarchy (12) [17] .
Hydrodynamical equations for average values of observables
Consider initial data that completely defined by one-particle function G (1) (0, ξ 1 ), i.e.
Taking into account that G (1) (0, ξ i ) = F 1 (0, ξ i ), initial data satisfy the chaos condition. For such initial data there is a possibility to reformulate initial value problem (12)-(13) as new one for unknown function G (1) (t, ξ 1 ) with the functional
, k ≥ 2 are represented by the following expansion over the products of one-particle functions G
(1) (t) (17) where evolution operators V 1+n (t), n ≥ 0 defined as follows [16] V 1+n (t, {Y }, X\Y ) := n! . . . 
where r j 1 = m j , r j n−m 1 −...−m j +k+1 = 0. We denoted A 1+n (t) is the (n+1)-th order cumulant of scattering operators S k (t), k ≥ 1 ( S 1 (t) = I is a unit operator)
The samples of two first terms of evolution operator V(t) are the following
or in terms of scattering operators
On integrable functions the action of scattering operators (19) are defined by the following formula (20) where functions Ξ i (t) ≡ V i (t), R i (t) , i = 1, . . . , n are solutions of the Cauchy problem of Hamilton equations for "macroscopic variables" with corresponding initial data.
The generator of first-order evolution operator (18), i.e. n = 0, is defined by the Poisson bracket with respect to the variables ξ 1 , . . . , ξ k with an interaction potential Φ on the continuously differentiable functions
In generale case, for n ≥ 1, it holds
For the case of non-interacting particles the evolution operators (18) for n ≥ 0 we have
At the same time for initial moment of time t = 0
where δ n,0 is a Kronecker symbol. The average value for an additive-type microscopic phase density G (1) (t) is governed by the following Cauchy problem (the generalized evolution equation for the average value of microscopic phase density)
where functional
is defined by (17) .
in the collision integral of equation (21) is defined by expansion (17)
where {Y } ≡ (ξ 1 , ξ 2 ). We represent the first term of expansion (23) in an explicit form. According to the definition of two-particle scattering operator (20) we have
where the functions (i = 1, 2)
are defined as above in (20) .
The existence and uniqueness theorem
Suppose L 1 n is the Banach space of integrable functions defined on the phase space R 3n × R 3n , of n-particle system, symmetric under the perturbations of arguments. The norm of an element f n of L 1 n is denoted by 
For
it is a strong solution and for arbitrary initial data it is a weak solution.
Proof. We give a short proof of the theorem here. The full version can be found in [16] .
Taking into account the fact that operator S(−t) is the isometric operator and for |X \ Y | > 1 the identity
is valid, for cumulants A(t) we have
Therefore, we can represent marginal functionals of the average value of observables by the following renormalized series
where evolution operatorsṼ 1+n (t), n ≥ 0 defined as follows
. . . . . . 
Then we use the following estimate for the cumulants A(t) R 3 ×R 3 dξ 1 . . . dξ k+n A 1+n (−t, {Y }, k + 1, . . . , k + n)
Using the last estimate for (27) we obtain
Hence the sequence of marginal functionals of the state G (k) (t, ξ 1 , . . . , ξ k | G (1) ), k ≥ 2 exists and represents by converged series (17) 
